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In this paper, we consider periodically inhomogeneous Markov chains, which can be
regarded as a simple version of physical model—Brownian motors. We introduce for
them the concepts of periodical reversibility, detailed balance, entropy production rate
and circulation distribution. We prove the equivalence of the following statements:
The time-periodic Markov chain is periodically reversible; It is in detailed balance;
Kolmogorov’s cycle condition is satisfied; Its entropy production rate vanishes; Every
circuit and its reversed circuit have the same circulation weight. Hence, in our model
of Markov chains, the directed transport phenomenon of Brownian motors, i.e. the
existence of net circulation, can occur only in nonequilibrium and irreversible systems.
Moreover, we verify the large deviation property and the Gallavotti-Cohen fluctuation
theorem of sample entropy production rates of the Markov chain.

KEY WORDS: Brownian motor, time-periodic Markov chain, periodical reversibility,
detailed balance, entropy production, circulation, fluctuation theorem

1. INTRODUCTION

Noise is unavoidable for any system in thermal contact with its surroundings. In
the last three decades, the creative role of noise attracts much interest of physicists
and biochemists. For example, in the so-called phenomenon of Brownian motors
(or say, ratchet systems),(1:2:4.6:19:22.23.30) 3 pet current of particles can be driven
by noise, providing that there is an appropriate asymmetry in the system, such as
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spatially periodic and asymmetric, so-called ratchet potential. However, in the most
interesting case, such a potential is unbiased, i.e. the time-, space-, and ensemble-
averaged force that it entails is required to vanish, and does not introduce a priori
an obvious bias into one or the other direction of motion. Reimann®®?) reviews in
detail the theoretical models and experimental realizations of this phenomenon
of noise-driven mass transport in spatially periodic systems out of thermal
equilibrium.

Another earlier known example is the phenomenon of stochastic resonance,
in which a weak periodic signal in a nonlinear system can be amplified by added
noise. Stochastic resonance was introduced in refs. 3 and 24 to try to explain the
Earth’s ice-age cycle, but it is now recognized to be far more common, occurring for
example in lasers, electronic circuits and sensory neurons. An extensive description
of the phenomenon from the physical point of view can be found in ref. 11. The
notion of stochastic resonance is now used in a much broader sense, and it describes
a wide class of effects that the presence of noise improves some characteristics of
the system.

Although several hundreds of papers on each of these two phenomena were
published (see references in refs. 11 and 30), only few mathematically rigorous
results are known. In many situations, the studied system is subjected to a time-
periodic driving, or the temperature of the thermal noise is subjected to periodic
temporal variations, which results in considering a stochastic differential equation
of the following form,

dX, = b(t, X)) dt +o(t, X,) dW,, (1)

in which W, is a white noise (Brownian motion), and b(¢, x), o (¢, x) are periodic in
the time parameter ¢. Its time inhomogeneity causes many difficulties in studying
mathematically the property of its solution process.

In this article we consider a discrete variant of (1), a discrete-time Markov
chain with time-periodic transition matrices, which will be called a periodically
inhomogeneous Markov chain. We will discuss its periodical reversibility, de-
tailed balance, entropy production rate, circulation distribution and the relationship
among them. The net circulations of Markov chains and rotation numbers of diffu-
sion processes correspond to the average particle current in Brownian motors, (1739
which is the quantity of central interest. Imkeller and Pavlyukevich('®) introduced
a model, which is a special case of ours, to study the phenomenon of stochastic
resonance.

The second law of thermodynamics can be expressed as the entropy increasing
principle: When a closed system evolves from one equilibrium steady state to
another through an adiabatic process, the entropy of this system can not decrease;
if the process is reversible, then its entropy does not change; if not, then its entropy
increases.
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The concept of entropy production was first put forward in nonequilibrium
statistical physics to describe how far a specific state of a system is from its
equilibrium state.1423-32) Tt is closely related to another concept of macroscopic
irreversibility in nonequilibrium statistical physics. A macroscopic irreversible
system in a steady state should have positive entropy production rate and should
be in nonequilibrium.

Since 1980’s, Qian, M.P,, Qian, M. and Gong, G.L. (17:26=29 gave a unified
measure-theoretical definition of entropy production rate of a stochastic process as
the specific relative entropy of the distribution of the process with respect to that of
its time reversal. Moreover, they calculated the formulae of entropy production rate
and circulation distribution of homogeneous Markov chains and Q-processes, and
discussed their relationship with reversibility: The chain or process is reversible if
and only if its entropy production vanishes, or iff there are no net circulation.

Recently, Ruelle®! took hyperbolic dynamical systems as the mathematical
model of nonequilibrium systems, and gave the definition of entropy production
rate of such a system from the perspective of statistical physics. Jiang, etc.(1®
proved that the entropy production rate of Ruelle’s definition can be expressed as
the specific relative entropy of the system with respect to that of its time reversal,
and its entropy production rate is zero iff the system is reversible.

In this article, we extend the notions and results in refs. 17 and 26-29 to
the situation of a periodically inhomogeneous Markov chain, whose definition
and basic properties are given in Sec. 2. Then in Sec. 3 we introduce for it the
notions of periodical reversibility, detailed balance, entropy production rate and
circulation distribution, calculate the expressions of its entropy production rate and
circulation distribution, and discuss the relationship among the notions. To our
happiness, we get the main result of this article that the following statements are
equivalent, which accord excellently with the physical theory: The Markov chain
is periodically reversible; It is in detailed balance; Kolmogorov’s cycle condition is
satisfied; Its entropy production rate vanishes; Every circuit and its reversed circuit
have the same circulation weight. Hence the directed transport phenomenon of
Brownian motors, i.e. the existence of net circulation in our Markov chain model,
can occur only in nonequilibrium and irreversible systems.

In Sec. 4, we consider the large deviation and fluctuation theorem of sample
entropy production rates of periodically inhomogeneous Markov chains. We prove
that not only the sample entropy production rates converge almost surely to the
average entropy production rate, but also their distributions have the large deviation
property, and the large deviation rate function has a symmetry of Gallavotti-Cohen
type, which is the fluctuation theorem of periodically inhomogeneous Markov
chains. The fluctuation theorem was first obtained by Gallavotti and Cohen(!?)
for hyperbolic dynamical systems, then extended by Evans and Searles,®*) and
extended to stochastic processes by Kurchan,?” Lebowitz and Spohn,?" Jiang,
Qian and Zhang,'® etc.
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Section 5 contains some remarks and examples. It will be noticed that there
is a close relationship between the simplified Brownian motors—periodically in-
homogeneous Markov chains and Parrondo’s paradoxical games.'?!3 This model
involves two games, each of which played on its own results in loss for the player.
But if play alternates periodically or randomly between the two games, the result
is a win.

In Sec. 6, we discuss the relationship between stochastic differential equa-
tions with time-periodic coefficients (including some models of Brownian motors)
and time-periodic Markov chains considered in this paper. We will see that the
rocking ratchet system considered in ref. 30 can be approximated by time-periodic
birth-death chains. Conversely, such a chain can be obtained by discretizing the
Fokker-Planck equation of the ratchet system. Furthermore, if the time-periodic
birth-death chain has periodical reversibility, then the particle current in this dis-
crete model of Brownian motor vanishes. Therefore, for our discrete models,
non-vanishing particle current exists only in systems of periodically irreversible
Markov chains, which correspond to non-equilibrium steady states in statistical
physics.

We believe that most results in this paper can be extended to diffusion pro-
cesses, although there is still a lot to do.

2. DEFINITION AND BASIC PROPERTIES
2.1. Definition

Definition 2.1.  Suppose that &€ = {§, : n =0, 1,2, ...} is an inhomogeneous
Markov chain on a probability space (2, F, P) with denumerable state space
S and transition probability matrix P(m,m + 1) = (p;;(m, m + 1)); jes(we also

write it as P" = (p}}); jes instead for simplicity), where p;;(m,n) = P(§, =
jl&n = 1), Vm < n. If there exists a positive integer 7 such that

pijm,m+1)=p;m+T,m+T+1),Vi,jeS, mel", ()

then we call £ a periodically inhomogeneous Markov chain.
Obviously, (2) implies

pijm,m~+n)=pijm+T,m~+T+n), Vi,j €S, mnel. 3)
Without loss of generality, we can assume that (€2, F, PP) is the canonical orbit
space of & with Q@ = [],+ S.

2.2. Periodically Stationary Distribution

Construct 7 homogeneous Markov chains as follows: {nf =&k in=
0,1,...}, k=0,1,..., T — 1. Denote their transition probability matrices by
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P* = (pf)i.jes, where

Bl =Py = jlny = i) = P(Esnyrse = jlEnrsa = 1)
=p;imT +k,(n+ )T + k)= p;j(k, T + k). ))
Hence,
P =Pk, k+ )Pk +1,k+2)---P(T+k—1,T +k). 5)

Now, we are ready to deduce several simple but useful properties of the periodically
inhomogeneous Markov chain &.

Lemma 2.2. [f there exists an s € {0, 1,2, ..., T — 1} such that {n}} is a ho-
mogenous irreducible positive recurrent Markov chain, then there exists a unique
probability measure w° = (7} )ies, s.t. w° P* = m°.

Definition 2.3. Suppose that there exists a family of probability measures
7={7":k=0,1,2,...,T — 1} on the state space S satisfying 7*P(k, k +
D=a*"k=0,1,2,...,T =2, 7""'P(T — 1, T) = n°, and the periodically
inhomogeneous Markov chain £ ={§, :n =0, 1,2, ...} takes 70 as its initial
distribution, then foreachn =0,1,..., k=0,1,..., T — 1, the distribution of
&,74 is ¥, moreover, the distribution of {&, : n =0, 1,2, ...} is the same as its
left shift {&74, :n=0,1,2,...} (V[ =0, 1,...). In this case we call the chain
£ periodically stationary, and the family of probability measures 7 = {7 : k =
0,1,2,..., T — 1} is said to be its periodically stationary distribution (with 7
understood to be 7°).

Proposition 2.4. Under the condition of Lemma 2.2:
(1) Let
af=aP(s, s+ DP(s+1,s+2)---Plk—1,k), k=s+1,...,T — 1;
af=nP(s,s+ D)P(s+1,s+2)---P(T+k—1,T +k),
k=0,1,...,s — 1, ©)
then for each k € {0,1,2, ..., T — 1}, 7k = (nl.k)ieg satisfies
a* Pk, k+1) = 71,
7k Pk = k., (7)

ie foreachk € {0,1,2, ..., T — 1}, n¥ is the unique stationary probability mea-
sure of {nX}; Furthermore, if there is not any column in the T matrices P(m, m + 1)
such that all of its elements are zero, then all the elements of T* are positive,
which implies {n*} is a homogenous irreducible positive recurrent Markov chain.
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Meanwhilerr = {n* : k =0,1,2, ..., T — 1} is the unique family of periodically
stationary measures of the periodically inhomogeneous Markov chain &.

(2) Conversely, if for each k € {0,1,2,..., T — 1}, there exists a unique
probability measure %, such that 7% P* = 7%, then

Pk, k+1)=a""" k=0,1,2,...,T — 1. (8)

Proof: (a) From Lemma 2.2 and the definition of 7*, we have (7). The uniqueness
of the stationary distribution of {n}} guarantees the uniqueness of the stationary
measures of the periodically inhomogeneous Markov chain &.

(b) The equality (7) implies

7P, 1)P(1,2)---P(T —1,T) = =", )
x'P(1,2)P(2,3)---P(0,1) =x". (10)

Multiply the two sides of (9) by P(0, 1), then one sees that 7% P(0, 1) is another
invariant probability measure of P'. By the uniqueness assumption 7°P(0, 1) =
m!. Similarly one can prove (8). O

From later on in this article, we suppose that:

(H) Foreachk € {0,1,...,T — 1}, {n’; :n=0,1,2,...} is a homogeneous
irreducible positive recurrent Markov chain.

2.3. Limit Theorems

From the weak limit theorem of transition matrices and the strong law of
large numbers for homogeneous irreducible positive recurrent Markov chains, one
can directly obtain the following results.

Proposition 2.5. (Average Limit)

LI
(H)Vk=0,1,2,...,T -1, nlgl;();} pijlk.k +1T) =7},
=1

n

T

1 1 .

(2)Vk:0,1,2,,T—1, nll)n;)lozg plj(k’k-i_l):FE 7Tj.
I=1 s=1

Obviously, the limit in (2) is independent of k.
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Proposition 2.6. If f is a bounded function on S, then with probability 1, we
have

n -1
Jim LS fE) =2 0w o) (an
=0

k=0 ieS

3. PERIODICAL REVERSIBILITY AND SOME
EQUIVALENT CONDITIONS

3.1. Definition and Detailed Balance Condition

Definition 3.1. If for some k € {0, 1,2,..., T — 1}, the periodically inho-
mogeneous Markov chain £ satisfies that Vn € Z1, (&, &1, ..., Earas) and
Enrakr EnTak—1, - - -, &) have the same distribution, then we say that the Markov
chain & has periodical reversibility of index 4.

If the Markov chain £ satisfies that Vk=0,1,...,T -1, neZ",
(&k, Ek+15 - - - » Enr+) has the same distribution as (§,744, Enr k-1, - - - » &), then
we say that £ has complete periodical reversibility.

Therefore, periodically inhomogeneous Markov chain {§, : n = 0, 1, ...} has
the complete periodical reversibility ifand only if Vk =0, 1, ..., T — 1, {§, : n =
0, 1,2, ...} has the periodical reversibility of index £.

Under the hypothesis (H), if £ ={£, :n =0, 1,2, ...} has the periodical
reversibility of index £, then £ is periodically stationary.

Proposition 3.2. (1) Periodical reversibility of index k of the periodically
stationary Markov chain & is equivalent to that (&, &ry1,...,Er4%) and
Ersks ETvi—1, - - - » Ek) have the same distribution, i.e. Viy, i1, 13, ...,ir € S,

k k k+1 k+T-1 _ _k k k+1 k+T—-1
TinPigiy Pivis * " Pir_yiz = Wi Piriz . Pir_yir " Piyig : (12)

This is the detailed balance condition.
(2) Complete periodical reversibility of the periodically stationary Markov

chain & is equivalent to that Yk =0,1,..., T — 1, (&, &rv1, ..., Erar) and
Eraks ETvi—1, - .-, E) have the same distribution, ie. Yk =0,1,...,T —1,
Vio,i],iz, ..,ir € S,
k ko k+l k+T—1 _ _k _k k+1 k+T—1
niopioilpiliz Py T T[l'rpirir—lpirflirfz Py . (13)

Proof: We can only prove the sufficiency for the index & = 0, by induction for .

(1) n =1, the detailed balance condition says that (&, &,...,&r) and
(&7,&r_1, ..., &1, &) have the same distribution.
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(2) Suppose that (&), &,...,&,r) has the same distribution as (&7,

Emr—1, ..., &1, &), then Vig, iy, iz, ..., igmnyr € S,
P =i, 0<1<(m+1T)

=P =i,0=<1<mT)
xP& =i,mT+1<1<(m+D)T|énr = inr)

=PE& =i,0<]<mT)-P& =i,mT <1< (m+1)T)
/PEnr = imr)

=P& =i,0=<1<mT)-P&-nr =ir,mT <1 <(m+ 1T)
/PGEmr = imt)

=P =inr—,0 <1 <mT) P& =irtmr. 0 <1 < T)/PlEnr = in7)

=P& =iminyr—1, T <1 <(m+ DT) P& = igminyr—1,0 <1 < T)
/PGEr =int)

=PE& =ipmryr—, T+ 1 <1 <(m+ DTér =inr)
X P& =iminyr—1,0<1=T)

=PE& =imryr—. 0 <1 < (m+ DT). 0

3.2. Entropy Production

Definition 3.3. Suppose that ;£ and v are two probability measures on a mea-
surable space (M, A). Recall that the relative entropy of u with respect to v is

defined as:(?
[y log % (x)u(dx), if < vand log % € L'(dp),
+o00, otherwise.

H(u, V)=i

Definition 3.4. For each fixed k =0, 1,..., T — 1, the entropy production

rate e’l‘, of index k of the periodically stationary Markov chain & = {§, : n =

0,1,2,...}1is defined as

1
k . _
¢p = Him —H Pt P oz i) (14)
where P 744 18 the distribution of (&, &1, - .., §ur41), and ]P’[*WT ] is the

distribution of (&,74%, Enrk—1, - - - » Ekt1, k). Its complete entropy production
T—1 k

. _ l -
rate ¢, is definedase, = 7> ;- €,
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Lemma 3.5.
. : ko ke k+T—-1 . .
Su[ifp?se that leTo, 111, cosir €8, pii Piiiy  Pinyiy > 0 if and only if
pf‘ririlpii]iriz e pil; = >0, then Py nr4k) and Py, 14y are absolutely contin-
uous with respect to each other, and P-almost everywhere, the Radon-Nikodym
derivative is

k k k—1
Pty () e o) Poraii@brat)

15
dP- ok ok Lk (15)
[k.nT+k] Ent 1k (@) Enr 11 (@)en7 -1 (@) i1 (@)r(w)
Proposition 3.6. The ef, in Definition 3.4 can be expressed as
k k k+1 k+T—1
[niopioilpiliz pirflir
1 k ok k1 k71
ﬁ § T Piriy Pir_yir " " Piiy . (16)
03015005 ireS k ook okl k+T—1
UL ERLY ' log Tio Pigiy Piyiy " Pigp_yir
k ok k+1 k+T—1
Tig Piir_y Pir_yir 5" Piyig
. istin. i i ko ket k+T—1
Proof: Ift}zerle ex1stzo,k11,T. - ir € Ssuchthatonly oneof p;; p; i -+ p; "
+ +T—

and pfﬂ.ril Dir ir, """ Pii, 18 positive, and the other is equal to zero, then
Pl.nr+#) 18 not absolutely continuous with respect to Py, r. 4, hence by the
definition of H (P nr447, ]P[_kﬁ T +k]), ef, = +400; meanwhile, in (16), at least one
term is 400, and none of the others is negative, so the sum is also equal to +ooc.

Now we will prove the desired result under the condition that pﬁ] 0 pfljzl

e pfrjl.r and pfrirfl pf.‘:}iriz e pf}jﬂl are either positive or equal to 0 simultane-

ously. In this case, by Lemma 3.5, P, 744 is absolutely continuous with respect
to IP>[_k,n T+k)> moreover,

1
k _ . —
¢p = Jim —H (Penrsigs P uri)
k .k k+1 k+nT—1
1 TinLigiy Piviy * " Piyr_iing
= lim — k ook k+l | k+nT—1
n—oonl . - 1 Tig Pigiy Piyi " Piyr_yiny
10,01 5eeey i,T€S . Og j.[k k k+1 ok tnT—1
in7 Pininy -1 Pint—1inr—2 " Pirig
k .k k+1 k+T—1
1 niopioilpl'liz o .pl'rflir
= lim — n k ok okl k+T—1
n—soopT Tig Pigiy Piyiy ™ Pig_yir

inivires | -log g T+ T
ir Pigir _ Pir_yir 5 "Piig
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k+1 k+T—1
1 loplollplllz plT it
= — k41 k+T—1
T . Z .1 1()p‘r>11p'1‘2 “Pir_yir
i04i1s.niT €S 0og 1 T
ITprlT VPig_yip_y " Piyiy
k+1 k+T—1
[nloplollplllz plT 1T
1 k+1 k+T—1
= — E lrplrlr 1plT 1ir—2 plllo . O
2T i04i1,.niTES K+l k+T—1
e .1 ,(,Pxoxlpzlzz Pir_yip
0og T kATl

’Tp’T’T lp'T lir—2" p’l’O

Proposition 3.6 immediately implies that ¢f is nonnegative, furthermore,

p
ef, = 0 is equivalent to Vig, i1, ...,ir € S,
k k k+1 k+T— 1 k+1 k+T-1
jTl(]plOllplllZ plr 1ir lTplTlT lplr 1ir—2 plllo (17)

Hence, by Proposition 3.2, we get

Proposition 3.7. (1) Periodical reversibility of index k of the periodically sta-
tionary Markov chain & is equivalent to e’; =0.

(2) Complete periodical reversibility of the periodically stationary Markov
chain & is equivalentto e, =0, i.e. Vk € {0,1,2,..., T — 1}, ef, =0.

3.3. Kolmogorov’s Cycle Condition

Definition 3.8. We can associate an integer k = n mod T to a state i which
appears at time # in a trajectory of the periodically inhomogeneous Markov chain
&. Itis called the index of state i at this time.

Remark 3.9. (1) For simplicity, we can also use n as its index at time n. (2) If
the element P; of the transition matrix P(k, k 4 1) is positive, then we say that
state j can be arrlved from the state i by one step for index k, and we write i LY j

for simplicity.

Definition 3.10. A simple circuit of length n7 (Vn € N) in S, iy A i sy

kT2 k+nT—1 . . - N o .
— Tiyy—1 — I is called a periodical circuit of the periodically inho-

mogeneous Markov chain . It is written as

C = (o, i1, ..., inr=15k)
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(the index of iy is k). In this article, all of its cyclic permutation (i, iz, ...,
inT—1,10;k + 1), etc. are understood to be the same periodical circuit.

Definition 3.11. The reversed circuit of a periodical circuit C = (ig, i1, ...,
inr—1;k) with respect to an index / (/ =0, 1, ..., T — 1), which is simply called
the reversed circuit for index /, is defined as

Cr_= (o, inr—1, ..., 02,0152l = k).

Remark 3.12. (1) A periodical circuit has several equivalent expressions.

(2) It is not allowed that two same states in a periodical circuit have the same
index.

(3) The reversed circuits for index | defined via different expressions of C are
the same, and (C;_);_ = C. So the definition above is reasonable.

. U Y =S B =8
(4) A path of length nT (no matter whether it is a circuit ) iy — i} =g
inr can be written as [iy, i1, ..., i,r; k], which is called a path with index k.

Proposition 3.13. The periodically stationary Markov chain & has periodical
reversibility of index k if and only if the condition below is satisfied: for each
periodical circuit C = (ig, i1, ..., Iy7—1;k),
ko kel k+nT—1 k k+1 k+nT—1
pioilpiliz e pinTilli[) = pioinr_lpinrﬂinrq e pilion . (18)

Now, fix an arbitrary state iy € S. For eachi # iy, there exists a path of lengthnT

g . . .. ko k+1 k+nT-2 . k4+nT—1 . .
with index k fromig to i, i —> iy = --- — iyy—1 — Iyr = i. Define

nT—1 k+m
I 1—[ Py
v = k+nT—m—1"
m=0 Piniiin
then 0 < Ul-k < 00, and wF = {nl.k ,i € S} in the periodically stationary measures

7 of & can be expressed as

T L
! 1/a, i =1,

1.k . .
k_{a vy, I #,

wherea =143, vk,

One can imitate the proof of Kolmogorov’s cycle condition for homogeneous
irreducible Markov chains” to show that the values of v} are independent of the
choice of the paths and that they constitute a periodically stationary measure of &.

Corollary 3.14.  The periodically stationary Markov chain & has complete peri-
odical reversibility if and only if the condition below is satisfied:
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Vk=0,1,2,..., T — 1, for each periodical circuit C = (iy, i1, ..., in7—1;k),
k+1 k+nT—1 k+1 k+nT—1

plullplllz plnr 1o = ploluT 1p1nr 1inT—2 pllln : (19)
Nowforeachk =0,1,2,..., T — 1, fixan arbitrary state iy € S. For eachi # iy,
. s . Y S 8 k=2

there exists a path of length nT with index k from iy to i, ip — i (AN

. k=1 ., .
int—1 = Iyr = i. Define

ok — l_[ Diinii
i k+nT—m—1"
m=0 plm+llm
then 0 < Uik < o0, and T* = (nik)ies in the periodically stationary measures 7 of

& can be expressed as
1.k s .
k a vy, 1 #
;= S
1ja, =iy

whereot—l+zl;&l0 X

3.4. Circulation Distribution

From later on in this article, for simplicity, we suppose that the state space S
is finite for in Sec. 6.

Construct a Markov chain n={n,:n=0,1,...}, n, = (&, nmod T),
with state space X =S x {0,1,2,...,T — 1}. Sort the N elements of S as
(s1,82,...,5n), then we can sort the elements of X as

((s1,0), (52,0, ..., (s5, 0), (s1, 1), (52, 1), ooy (s D)oo
1, T —1), (2. T = 1)+, (sw, T — 1)).

The transition probability matrix of 1 from step n to step n + 1 is

0 PO, 1) 0 0

0 0 P(1,2) 0 0
Pn,n+1)= : : : ,

0 0 e P(T-2,T-1)

P(T-1,7) 0 0
(20)
which does not depend on n, SO {nn n=20,1,2,...} is a homogeneous Markov
chain. Write P(n,n + 1) as P. Let &7 = %(no, . nT )= %(n(,-,k),i €
S, k=0,1,2,..., T —1), then by (8), # P = #, so 7 is the unique stationary

measure of ). Therefore, n is a homogeneous irreducible positive recurrent Markov
chain. Each circuit (ig, k) = (i1, k+1) = -+ = (iyr—1, k — 1) = (ig, k) (writ-
ten as C) of 5 in its state space X =5 x {0,1,2,..., T — 1} corresponds to
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the periodical circuit C = (i, i1, - . . , in7—1; k) of the periodically inhomogeneous
Markov chain &. We will derive the periodical circuit distribution of the periodically
inhomogeneous Markov chain & from the circuit distribution of the homogeneous
Markov chain 5. Use Theorem 1.3.3 in ref. 17, then one can directly get

Proposition 3.15. Let C,(w) be the class of all circuits occurring along the
sample path {n(w):1=0,1,2,...} until time n, and )Nué.n(w) be the number
of occurrences of a circuit C up to time n along the sample path {n(w): 1 =
0,1,2,...}, then the sequence (C,(w), X@.n(a))/ n) converges almost surely to a
class (Cso, i@). Furthermore, for any directed circuit C = (ig, k) — (i1, k + 1) —
oo > (inr—1, k — 1) = (ig, k) € Coo, we have

5‘6 = Plio k)i k1) (i kot 1)i2.k42) * ** Dlinr—1k—1)(Go k)
D({(o, B), (i1, k+ 1), (2, k +2), ..., (nr—1, k= D))
> Gnex DAG, DY)

where for a subset § of the state space X, D(S) is the determinant of D = I — P
with rows and columns indexed in the index set S. D() is understood as 1.

. 2D

We refer the reader to Chap. 1, Sect. 2 of ref. 17 for the rigorous definition
of Az ,(w) using the so-called derived chain.

The following is a direct result from the elementary algebra knowledge of
determinants.

Lemma 3.16. [f'a matrix A can be written as the block matrix below:

] — A 0 ... ... 0
0 I — A 0 0
A = . . 9’
0 : : e e 0
0 0 1 —Ay_s
— A, 0 o ... 0 I
where I, Ay, Ay, ..., Au—1 are all square matrices of order M, then the determi-

nants

|A] = |1 — AgA1 A+ - Ap—].

Given two subsets Sy, S> of S, we use P,f’Ll(Sl, $,) to denote the matrix
which is obtained by deleting the rows with indices in S; and columns with
indices in S, from P*. Let C,(w) be the class of all periodical circuits occurring
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along the sample path {§,(w) : n = 0, 1, 2, ...} until time #, and let A¢ , (@) be the
number of occurrences of a periodical circuit C up to the time # along the sample
path {§,(w) : n =0, 1,2,...}. Since X@!n(w) = Ac.n(w), by Proposition 3.15 and
Lemma 3.16, we can get

Corollary 3.17. The sequence (C,(®), Acn(®)/n) converges almost surely
to a class (Coo, Ac). Furthermore, for any directed periodical circuit C =
(io, 11, - -, In7—1; k), the circulation weight

k+1 k+nT—1
A plollplllz plnT 170

D({(lo, k), (i, k+ 1), (2, k+2)- -+, (inr—1, kK — D))
Z(, Dex D({(]’ D)

k+1 k+nT—1
- plollplﬂz ** Piyr_iio

|1 - P (Sr’ S1+1)P (Sr+1a r+2) PT_](Sr—]a Sr)|
Y s DAG DY)

: (22)

wherer =T —k,and S; = {i, irqi, ..., ig—1yr41). The circulation weights {Ac :
C € Cw} is called the circulation distribution of §.

Obviously, Ac = Az. Apply a similar argument as the proof of Theorem 1.3.5
in ref. 17 to the homogeneous Markov chain 7, then one can get

Proposition 3.18.  For the homogeneous irreducible positive recurrent
Markov chainn = {n; : 1 =0, 1,2, ...}, we have the following probabilistic cycle
representation: Vig, iy, ...,ir € S, k=0,1,..., T — 1,

TC(ig.k) ~ ~ o
T Plo k)1 k+1) PGy k1), k+2) * *° Plir_y . k—1)(ir.k)

= > Jedelio. k). G k+ 1), ... (ir—1. k= 1), (7. b)),

€Coo

(@]

where Jz((ig, k), (i1, k+ 1), ..., (Gr=1,k —1),(ir, k)) is defined to be 1 if C in-
cludes the path (iy, k) — (i1, k+1) — -+ — (i, k), otherwise 0.

Since 5 = JT,.", XC = Ac, by the relationship between P and P(0, 1),
-, P(T — 1, T), we can get the corresponding probabilistic cycle representation
of periodically inhomogeneous Markov chains:
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Corollary 3.19. For the periodically inhomogeneous Markov chain & = {§, :
n=20,1,2,...}, we have
s k+1 k=1
7017%1]9,-12 o Di iy = Z redelios ity -+ o ir—1, i kD),
CeCo

Vig,it,...,ir €S, k=0,1,....,T—1, (23)

where Jc([ig, i1, ..., i7—1,ir;k]) is defined to be 1 if C includes the path i —k>

. k+1 k+T-1 . .
i —> -+ — ir, otherwise Q.

Corollary 3.20. We have the following circulation decomposition of the period-
ically inhomogeneous Markov chain & = {&, :n=0,1,2,...}:

k _k k+1 k—1 k k k—1
T[i()pi()ilpil-:—z o 'pirflir - nl'rpl'rl'rfl o .pilio
=T > reJelliosirs ... ir—1. ir; k])
CeCo
-T Z )"C/_JC/L([Z.Tv iT*ly ey ils 109k])
C/_ECOQ
=T Y (c—re ) e(lio,ir, - iz, ir; kD). 24
CeCo

The corollary says that any one of the 7'-step probability fluxes ¥ pf‘o 0 ph

1) i1i2
e pf‘T__: ;, can be decomposed into two parts: one is the part of the detailed balance
. ko ko k+l k-1 ko k k=1
nnn{HMPMthh'.'pﬁqﬁ’nﬂphhuf'.phm}’
i.e. the eliminated part of the two T-step probability fluxes; another is the part

of the circulation balance, i.e. the net part of the probability flux along the path

ko k1 k+T-1 , L . .
ip > iy —> --- — iy, which is composed of a set of circulations on C, that

pass the path or its reversal.

Lemma 3.21. If A and B are both square matrices of order M, then |I — AB| =
|l — BA|.

Theorem 3.22. The periodically stationary Markov chain & has the period-
ical reversibility of index k if and only if for each periodical circuit C =
({0, i1s -, ipr—1;k) € Coo, the circulation weights Ac of C and \c, of its re-
versed circuit Cy_ = (iy, inr—1, - - -, i1; k) are equal to each other.
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Proof: Necessity: At first, we prove the necessity for £k = 0. By Proposition 3.13
and Corollary 3.17, we only need to prove

|1 — Py(So, SOPL(S1, ) Pf_(S7—1. S0)|
= |1 = P} (So. Sr—1)P{(Sr-1. Sr—2) - - P{_ (S, So)|.

Write A = diag(r))gs,, then A~ = diag(Z5),¢s,- From
) - [Py (So, SOPE(S1, $2) - -+ PL_((S7-1, So)],»j . ﬂ%)
= > oA p?klplilkz o .p[Tt:j ’ ﬁ
S, 1=1,2-,T—1 J
ey 0 1 7-1
= Z pjkrflpkrflkrfz © Py
k€S 0=1,2--.T—1
i,j¢So
= [P} (So, Sr—1)P{(Sr—1, Sr—2) - -+ P}_ (51, So)]j,-
follows that
APy (So, SHPE(St, S2) - -+ Pp_(S7—1, So)A ™"
= [Py (So. S7-1)PA(Sr—1, Sr—2) -+ P{_(S1. So)] -
So, we immediately get

|1 — Py (So. SOPE(S1, $2) - -+ PE_\(St—1, o)
= |A(I — P{(So, S)P(S1, $2) -+ PE_ (Sr—1. So)A™!|
= |1 — AP}(So, SHPE(S1, $) -+ PF_(Sr—1, So)A™|
= |1 — Py (So. St—1)PE(S7—1, Sr—2) -+ PE_(S1, So)|-

For the case & > 0, use Lemma 3.21, and imitate the proof for the case k = 0. The
sufficiency follows obviously from Proposition 3.2 and Corollary 3.20. O

Corollary 3.23. The periodically stationary Markov chain {§, : n > 0} has the
complete periodical reversibility if and only if Vk = 0,1, ..., T — 1 and for each

periodical circuit C = (i, i1, ..., in7—1;k) € Coo, the circulation weight L¢ of
C and the circulation weight Lc, of its reversed circuit with index k, Ci_ =
({0, inT—1, - - ., 15 k) satisfy the equation A¢c = Ac, .

4. LARGE DEVIATION OF SAMPLE ENTROPY PRODUCTION
AND FLUCTUATION THEOREM

In this section, fix an arbitrary k € {0, 1, ..., T — 1}.
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4.1. Large Deviation

Define a new Markov chain {Y/¥ = (&,714. Enrks1s - - - Eanyrak) 11 =
0,1,2,...} from the periodically stationary Markov chain & ={§, :n =
0,1,2,...}. The state space of {{/*} can be taken as I = {(ig, i1, ...,ir) € ST :

k+1 k—1
plollplllz .piT—liT > 0}

Proposition 4.1. {w,’f :n=0,1,2,...} is a homogeneous irreducible Markov
chain with stationary distribution

.. k+1 k—1
/’L(IO’ I, .. lT) - nloplollplllz -pir,]ir > 0

Obviously, {1//,’7‘ :n=0,1,2,...}is also positive recurrent.

Proof: By the time periodicity of the transition matrix of £ and our basic hypoth-
esis (H), we get that {1#,’,‘ :n=0,1,2,...}is a homogeneous irreducible Markov
chain with transition probability P i, ...ir)Goji,.jr) = 5irjnpjojlpmz Dy iy

Since 7 is the periodically stationary distribution of {§, : n =0, 1,2...},

Z CJos Jis - s JT) Pl jureoejrYionitoooir)

(JosJ1s-wsjr)ET

- S Y S K k-l

- Z Jopjojlph/z Py (SJTloplollplllz Pir_yig
(JosJrsewsjT)ET

_ k+1 k+1 k—1

- Z /Op/O/lijJZ pjr 1io plollplllz " Piriiy
(osJ1seenT—1)

_ 7t phl Kl kel

- Z Pjij p]r 1io plollplllz “ Pirir
(Jtsesdr=1)

_ k+2  k+2 k+1 k—1

- Z 7'[ Py p/T lloplollplllz " Pirig
(J2s-esdT=1)

k+1 k—1

- JT 1pjr 1loplol|plllz “Piriig

Jr-1

k+1 k—1
- loplullplllz .piT—][T

= M(io,il, ,lT)

o _ k+1 k=1 . . :
So, w(ip,i1,...,ir) = JTZOplO”pm2 ~*Pi_i, > 0 is the unique stationary

distribution of {1//n }. O

In the discussion below we will assume that the state space S is finite and
the following condition is satisfied: pf, - pi~!, and pf . - pi=! are cither
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positive or equal to zero at the same time. Then, by Lemma 3.5,

k k k—1
Ppnreiy o "6 Pa@ein@ " Poru @i

k

- k k—1 :
APy r1iq i@ Pl i @uriii (@) " Pl (@)

dPpn
Let W¥(w) = log ﬁ(w).

Proposition 4.2.  Almost surely, one has

Wk
tim o) _

n—oo nl

Proof: Define a real function on the state space I,

k k k—1
.o . iy Pigiy " Pir_yir
f(lo,ll,...,lr)z?log T T
nirpirirfl o 'pilio

Ge et al.

(25)

Apply the strong law of large numbers for homogeneous irreducible Markov chains

to {t/f,’f :n=20,1,2,...}, then we can get that almost surely

k
lim —Z
n—oonT
k .k k—1
BT Te Pty P B
= lim —Tlo T . 1
n—00 -
n T er i Pluriarao Deig,
n—1 k k k—1
li 1 1 n&ﬂk p§1T+k51T+k+l p%:([+l)T+k—l§([+l)T+k
= Z—lo & & 1
n— o0 e
n 1=0 g(l+l)T+kpE(I+I)T+k§(I+1)T+k—1 Peiriiiibira
1 n—1
: k
= lim — Z f(xpl )
n—-oo n 170

Z w(io, i1, ..., ir) f(o,i1,...,ir)

(io,i1,...it)€D

k .k k—1
1 TPt D .
§ : k k k—1 107 1oy ir—iir
- _T TioPigiy * " Pir_yir 10g =e

k k k—1
0,i1,..,iTES nirpirirfl pilio

Let ck(2) = 1 log Ee*r.

k

D
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Proposition 4.3. There exists a real differentiable function c*(\) such that
k

lim k(1) = c*(1). So the family of the distributions of {@ :n €N} has a

n—o00

large deviation property with rate function 1¥(z) = sup{rz — c*(1)}.

LER
Proof:
k
Ee*n
A
dPynr+h)
=K el LR %)
dIP’
[k,nT+k]
k k k—1 A
_ g [ Ta@Pa@sne " Para@tira@)
- 7k k Lk
711 (@) PEr i (@)nr i1 (@) D1 ()
r A
k ok k1
— k ok k—1 Tig Pigiy " Piyr_1inT
- Z o Pigiy " Piyr_inr (n?‘ o T
oo €S L int Pinrinr—1 " Piyig
1
Pigiy Piyp_yiny >0
B . A
k ok k-1
k ok k—1 Tig Pigiy " Pig_yir
T Piyi, " Pi (kl« T
ig ioi ir_1i
0% foh -1 ”iil’ilrir,l Piyiy
—_— DY k ... -
- Z pi(n—l)Ti(n—l)TH Piyr_sinr . . (26)
i vein T ES: k k ) T
o e >0 Tigg-nr Pi—nrig—vr+1 " Pinr—tint
Pigiy Piyr_inr ak pk o ...p’f*‘ )
B int Pinrint—1 " Fige—1yr+1i-1)1
Let
k ok k=1 \*
Thpt e pi
_ 2 : k+1 k—1 L ir—1J
aij()‘)— pzz Pii P k— ’
1 i —-1J 7Tk k . 1
i14i9 i | €S -pjl-Tfl Pii
. e
pf’tfl '"pfr711/>0
Obviously,

a,-j(k) > 0<% diy,ip,...,i7_1 €S, s.t. pzkzl .. plkr__}j >0
& p> 0.
So A(A) = (a;j(A))i, jes is an irreducible nonnegative matrix. By the Perron-
Frobenius theorem, its spectral radius e(A) is a positive eigenvalue of A(A) with

one-dimensional eigenspace, whose correspondent eigenvector is supposed to be
o= (ap,...,ay)", 0 > 0,Vi € S. Write M = max(e;), m = min(e;), then, by
1 1

(26), for any fixed A, we have
M '7¥4(0)'a < Eé* - =740 < m™ ' 7 ALY
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inwhich1 = (1, ..., 1)7. Hence,

1 , 1
lim c’;(k) = lim —log E& = lim — logt¥ A1) o = e(X) £ k).
n—00 n—-oo pn n—oo n

Then, by Remark 1.5.6 in ref. 17, we come to the conclusion that e(}) is differ-
entiable, and the large deviation property follows from the Gértner-Ellis Theorem
(see Theorem 1.5.2 in ref. 17). O

4.2. Fluctuation Theorem

Theorem 4.4. (Fluctuation Theorem) The free energy function c*()) and the
large deviation rate function 1*¥(z) have the following properties:

F) = k(=1 + 1), I*z) = 1% (-2) -z (27)

Proof: One only needs to prove that cf(1) = c¥(—(1 + 1)).

k
Eek w,

k ok k-1 A
— E 7.[kpk . .pk—l ioPioiy " Piyr_yinr
ig il inT—1inT kopk phl
e Ty Piyrinr 1 Pirig

(v g T ES:
k k—1
kop! . >0
Pigiy " Piyp_yiny

k Lk k—1
e Piyrinr_y " Piig

= E Kok -1\ A
Tir Pining—1 " Pivig
iyi1 s ip T €S: Y Y = R

k k
k-1 Tio Pigiy " Piyr_yiny

K
Pigiy " Piyp_yiny =
r.k .k k—1
T[iopioil Piyr rinr
= A —1-x
= E kok k=1
( Tio Pigiy " Piyr_1int )

1001 i €St R I
phphl -0 L ing Pinrinr—1 " Pitig
igiy " Fipr_1inr

) e(—l—A) wk
Hence

I*(z) = sup{rz — cF(1)} = sup{(—1 — 1)z — F(—1 — 1)}
LER LER

= sup{i(—z) — W)} —z = I¥(—z) — = O
AER



A Simple Discrete Model of Brownian Motors 851

Corollary 4.5. It holds that

k k
P ( i = z) = "P (ﬂ = —Z) . (28)
n n

Proof:
Wk
P —
n
_p APlnrin), |
= Plk.n744] dIP”—(w)_e
lke,nT+k]
_ ko ko k-1
= Z TioPigis " " Piyr iy
ime€S, m=0,1,2,..nT:
k ok k—1
M = otz

K
ok pk ok
it Pinrinr—1 " Pivi

nz__k _k k—1
Z lnTplnTlnT—l plllo
imeS, m=0,1,2,..,nT:
k Lk k—1
. .
0701t Py ving e
k pk Lph=l T
inT VinTinT—1 i1l
nz__k _k k—1
= e p.. D .
Z loploll plnT—llnT

imeS, m=0,12,..nT:
ax pto ...pkil

I = =en
Tio Pigiy Pinr - tinT
dP;,
[k, T-+k]
— enZ]ID[k,nT+k] (a)) — "
APl nT+1]

Wk
=e"Z]P’( ”:—z). |
n

Remark 4.6. Roughly speaking, the fluctuation theorem gives a formula for the
k
probability ratio that the sample entropy production rate p: takes a value z to that
of —z, and the ratio is roughly €"*. Under the condition of periodical irreversibility
. . . . wk

Jor index k, for z > 0 in a certain range, the sample entropy production rate ~
has a positive probability to take the value z as well as the value —z, but the
fuctuation theorem tells that the former probability is greater, which accords with

the second law of thermodynamics.
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5. SEVERAL REMARKS OF PERIODICAL REVERSIBILITY
5.1. Remark 1

Even if Vke{0,1,2,...,T — 1}, {nﬁ :n=0,1,2,...} is a reversible
Markov chain, and all the P(m,m + 1) have reversible distributions when re-
garded as the transition probability matrix of a homogeneous Markov chain,
{&, : n =0, 1,2, ...} maystill be periodically irreversible. This fact of periodically
inhomogeneous Markov chain is similar to Parrondo’s paradoxical games.(!>:1%)
We expect that the results obtained in this article can be applied to provide a new
rigorous mathematical analysis of the paradox.

For fixed m, P(m, m + 1) having a reversible distribution corresponds to that
in (1), for fixed ¢, (o (¢, x)o T (¢, x))~'b(t, x) has a potential.!”

Example 5.1 LetT =3,

1 1 5 7
0 3 3 0 5 w
PO.H=P1,2)=|1 0 1], PR3=]|3 & 5
1 1 1 5 1
2 2 0 3 3
1 1 1
& 3 2
P'=P@O, )P, 2)P2,3)=|+ 1 1
11 5
4 3 12
has a reversible distribution (]3—3, 14—3, %),
13 7
3 8 24
P'=P(1,2)P2,3)P(0, )= | 5 & =%
s 3 s
12 8 24
has a reversible distribution (15—3, %, %), and
LU VA ()
N 4 48 48
P*=P@2,3)PO,HP(1,2)=|1 ¥ B
117 s
3 48 16

has a reversible distribution (%, ;—;, %). But the periodically stationary Markov

chain determined by P(0, 1), P(1, 2), P(2, 3) is not periodically reversible. For
instance, consider the path 1 — 2 — 3 — 2:

i 3 gl L5 4 L L]
index 0: 5 X 3 X3 X 5 #3353 X3 X3 X7,
: S5 171 1l 9 15 1
index 1: 53 X 3 X 13 X 53 % 5¢ X 5 X 35 X 5,
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A
2

#

=

U|—
Nl
=

X X

=

i -4 5 1
index 2: 5 X 7 X5 X

5.2. Remark 2

There exists completely periodically reversible Markov chains.

Example 5.2 LetT =2,

1 2 1 1

0 5 3 0 3 3

rpo,H=fL+ o 2|, PA=[|% 0o I
1 1 1 1

3 3 0 3 2 0

They determine a completely periodically reversible inhomogeneous Markov
chain.

5.3. Remark 3

Periodical reversibility for different indices are not equivalent.

),ng:(

When the initial distribution is 7 = (%, %), the Markov chain is periodically re-
versible for index 0, but periodically irreversible for index 1. Consider the path

Example 5.3 LetT =3,

W= W=
WY W

P@U=P@m=<

D= N—
[SIECR ST

forindexl:l—l>1—2>2—0>1anditsreversa11—l>2—2>1—0>l,

1 1 2 1 1 1 1 1
X=X—-#-X=-X=X—.
3 22 2 3 2

6. RELATIONSHIP BETWEEN BROWNIAN MOTORS
AND TIME-PERIODIC MARKOV CHAINS

6.1. Discrete Model of Rocking Ratchet

In Chapter 5 of ref. 30, Reimann proposed the rocking ratchet model of
Brownian motor with periodic driving, i.e. the one-dimensional overdamped
stochastic system

nx(t) = =V'(x(®) + y(t) + £(2),
AV (x)

where &(¢) is the white noise, 7 is the viscous friction coefficient, V'(x) = ==,
and y(¢) is assumed to be a periodic function of time # with some period J, i.e.
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y(t + J) = y(t), Yt. Moreover, the potential V' is always assumed to be spatially
periodic with certain period L, i.e. ¥V (x + L) = V(x) for all x.

To make our discussion more general, we study the master equation of
Brownian motors in (1):

dX, = b(t, X,) dt +o(t, X,) dW,,

in which W, is a Brownian motion, and b(¢, x), o (¢, x) are periodic in both the
time parameter ¢ and the spatial parameter x.

For (1), we have the Kolmogorov’s forward equation, also called the Fokker-
Planck equation for the probability density p(¢, y) of X;:

‘ 2
20D = L2 (a(c, y)p(t. ) — 2 (b(E y)p(t. 7)) 29)
10(09 y) = (Sxy
for some initial fixed point x.

Let % and a"—;z be replaced respectively by the finite difference operator § and
82 on S = {0, %A, £2A, ...} with space step A > 0, and let % be replaced by

the finite difference operator t on ® = {0, €, 2¢, ...} with time step € = ATZ > 0,
where c is specified in Remark 6.3 below:

S+ DA) — f(G = DA)

Sf(iA) =

2A
52 (i) = S(G+ l)A)+f(ZZ— DA) — 2f(iA)’
_ J((n+De) — f(ne)
T f(ne) = . .

Then we can get the difference equation, which is just the discretized version of
the Fokker-Planck equation from the point view of numerical analysis:

1
1P (ne, iN) = —S[b(ne, iN)pP(ne, iA)] + 552[0‘2(716, iN)pP(ne, iA)],

(30)
ie.
o B((n+ e, iA) — pP(ne, i)
€
_ bne, (i — A)pP(ne, (i — )A) — b(ne, (i + DA)pD(ne, (i + 1)A)

2A

1
+ 553 [02(ne, (i + DAY D (ne, (i + 1)A) — 207 (ne, i A)p™(ne, i A)

+ o2 (ne, (i — 1)A)pD(ne, (i — 1)A)]. (31)
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Following the next two theorems, one can see that (31) is also the master equa-
tion of a time-periodic Markov chain {Yn(A) :n=0,1,2,...}, which converges in
distribution to the inhomogeneous diffusion {X; : # > 0} in (1) as A | 0.

Just as the well-known Donsker’s invariance principle (the symmetric simple
random walk approximates the Brownian motion under proper scaling of states
and time), the homogeneous diffusions can be derived as the limit of discrete-
parameter birth-death chains with decreasing step size and increasing frequencies.
Here we only state Theorem 4.1 in Chapter V of ref. 5 without proof, where [r] is
the integer part of .

Theorem 6.1. Given two real-valued bounded functions b(x), o (x) on R, assume
b(x) continuously differentiable with bounded derivatives, and o exists and is
continuous, also az(x) > 0 for all x. Let {Y,gA) :n=0,1,2,...} be a discrete-
parameter birth-death chain on S = {0, A, £2A, ...} with one-step transition
probabilities p;; from i A to j A given by

o2(iN)e  b(iA)e

o1 =8 = - :
Pii=1 =0 2A2 2A
_ﬁML_HUAk b(iA)e
pt,H—l — Vi — 2A2 2A 5
2/
(A) (A) o (ZA)G
pi=1-=8"-8 =l-—0

where € = ﬁ—; with 602 = sup, o2(x). Let YéA) = [x0/A]A where x is an initial

fixed point. Doeﬁne

INREN
XV =y ve=o.

(Remember [t/€] is the integer part of t/€.) Then, as A | 0, the process {XﬁA)}
converges in distribution to the diffusion process { X,} with drift b(x) and diffusion
coefficient c*(x), starting at x.

Following the same step as in ref. 5, one can also get the corresponding
theorem for inhomogeneous diffusions, including the time-periodic case.

Theorem 6.2. Given two real-valued bounded functions b(t,x), o(t,x) on
R* x R, assume b(t, x) continuously differentiable with bounded derivatives, and

o) exists and is continuous, also o?(t, x)> 0 for all t and x. Let {Y,SA) n=
0, 1,2, ...} be a discrete-parameter birth-death chain on S = {0, £A, £2A, ...}
with transition probabilities

A . .
pij(n) =P (Y,f+)1 = jAIYS = ZA)
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given by
2 . .
(3) o(ne,iA)e  b(ne,iA)e
ii— =4 = _ ’
Pri-1(n) = &) 2A2 2A
2 . .
. @y, 0°(ne,iN)e  b(ne,iN)e
pl,l+1(n) = ,Bi (n) = A2 + " ,
o2(ne, iN)e
pin) =1 =82 m) — g m) =1 - % (32)
where € = 2 Wlth% Sup; » @ o?(t, x). LetY( ) = [xo/ A]A where x is an initial

fixed point. Deﬁne
X =y

[t/€]°

vt > 0.

Then, as A | 0, the process {X§A } conmverges in distribution to the diffusion
process {X,} with drift b(t, x) and diffusion coefficient c*(t, x), starting at x.

Remark 6.3. The condition € = ﬁ—f in the above two theorems can be replaced
0

by the condition that € = ATZ, for some constant ¢ > 002.

In the time-periodic case, consider a subsequence {A;:k=1,2,...} of
A | 0, where Ay = «/cJ/. Then for each k, the birth-death chain {¥\*" : n
0,1,2,...} is a time-periodic Markov chain with temporal period k. We have
known that {XEA") } converges in distribution to the diffusion {X;}. That is to say,
we can approximate the diffusion process in (1) by time-periodic Markov chains,
which are much more easy to study.

As Ay | 0 the state space S = {0, £A;, £2Ay, ...} approximates R, pro-
vided that one takes it for granted that the state jAj; represents an inter-
val of width A; around jA,. Accordingly, one can spread the probability
,ol(") P(Y, (A0 — = i/Ay) over this interval. Thus, one can introduce the approxi-
mate density p(®¥(¢, y) at time ¢ = ne for states y = i A; by

p!"

p P (ne, i) = ——.

AL (33)

For each k, we have the master equation of the time-periodic Markov chain
(Ag)
")

Pt = p™ P(n), (34

ie.

(1) _

0; (")p”(n)+p,+1pl+1 ,(n)+p, 1p, 1i(n), Vi eZ. (35)
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where the row vector p = {p”} denotes the distribution of Y;A"), and P(n) =
{pij(n)} denotes the transition probability matrix.

Rearrange (35) with (32) and (33), then one can also arrive at the difference
equation (31).

Now we come to the conclusion that for each k € N, the time-periodic Markov
chain {Y,gA") :n=0,1,2,...}isreally a simple discrete model of rocking ratchet.

6.2. Particle Current and Circulation Weights

The quantity of most interest in the context of Brownian motor is the particle
current (X) = (x(¢)) = lim,_, ’@ By Theorem 6.2, the particle current (x) can

(Ag)
be regarded as a limit of the particle current of {Y,fAk) },ie. lim,_ %, when &
tends to infinity.

(Af)

Remark 6.4. By the ergodic theory, one can prove that both @ and Yn—é
converge to a constant with probability 1.

Note that { Y, ,5 A6) } is atime-periodic Markov chain with period &, and the spatial
periodicity of b(¢, x) and o (¢, x), then we can define another time-periodic Markov
chain {ZF : Zk = 7\ mod L} with finite state space § = {0, A, 2A, ..., (N —
1)Ar}, where N = Aik. Technically, one can replace cr(f in Theorem 6.2 by another
constant ¢ > 0 which is larger than 002, so that N = A% is an integer with A, =

VeJ/k.

As in Sec. 3, we can define periodical circuits of {Z,’,‘ }. We also denote the
reversed circuit of a periodical circuit C for index / by C;_ and the circulation
weights of them by A¢ and A¢, .

Since {Y;A")} and {fo} are birth-death chains, every periodical circuit C
completed by {Z,’j} corresponds to that {Yn(A")} walks forward or backward with
a certain length, denoted as k¢ > 0. For instance, let C = (0, A, 2Ay, ..., (N —
1)Ay;m), whose reversed circuit for index [ is C;. = (0, (N — 1)A, (N —
2) Ak, ..., Ag;2l —m), then kc = k¢, = NAg, foranym =0,1,2,...,k—1.
Notice that each trajectory of {Z} can be decomposed into a set of periodical
circuits, then it is easy to conclude that

A0
lim =- Y kclhe —Ac,) (36)
n— 00 ne €
CeCL
forany fixed/ =0, 1,2, ...,k — 1, where CJ, denotes the set of periodical circuits

of {Z,’j } that corresponds to {Y,EA")} walking forward rather than backward. So,
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when £ is large enough,

1
() ~ = > kele = 2c,).

CeCh

Finally, Theorem 3.22 implies the very interesting result that if the pe-
riodic Markov chain {Z} has periodical reversibility for certain index / =
0,1,2,...,k—=1(@e.Ac = A¢_, VC € Cy), then vanishes the particle current in

the discrete model {7, ,sA") } of Brownian motors. So, if one hope that a non-vanishing
particle current exists, he must consider periodically irreversible Markov chains,
which correspond to non-equilibrium steady states in statistical physics.
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